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IHE HYBRID MONTE CARLO ALGORITHM AND TEE t2E2RAL TRA?JSITION

~he Rn,ta [empemtwe tmn,mtiorl 011 44 and 4 x 6’ Iatucm

INTRODUCTION

Tho Hybrid Monw Culo algorhtun IHMC) 111 is

an axsct fanmoo AigO?ltft.Mof tha kmd pmpOWd by 121

The bwc cwolut]on through pk rpaca M cwttmlld by

cha Hybrid tiaontb.m (HAI 131 Tha HA J M ●Rklmt

bland of molacular dynamics [fast mw~t tbrou~

pIUM OWa) 141 and tho LangwIn al~nthm [argodIc-

Cy] 151[6] Ithu tha mAjOr dmw~ drAt tho ~w~

tIonJ of motion havo to “M diacrethd. The ●nauing

iiruta dlthrmca aqrmuom irwoiw ● dntta wopama t m

Hctit,ous wolumn tmm So to got the 6naI XM on.

h~ to taks tha lhmt t -0. This a%tmpolstion cut ba

potmtl~ly diautrous smcs tho WIOCICY through pk

~Wo ~and M mm m thislimit. Tha dmmt w M ~
ticHybn~ awluuon to prom IIttk ~ of tha an-

t,ra Iattm mnd than do ● @ohal accaptim]ut [MonM

Carlo) Th. pownti~ adlk hd in such global MonM

ICa,10 s m that tho accoptattca rata can -d to auo,

●nd carafuI ta~ ua nadod. Tha tats wc hAWa~

out so fu on C)CD ahou pmmm. Lo him W Id~nbo

Ch@ mathod uid pr~t mu da-

1 J Hybrid Mont- Caflo for QCD with ~@?TdOW

Tha pa.mtion f’uamott for qCD in Euclid- mpam

can M wntton in ● n~ of quivaknm form!:

SC i- tha gauga action (which In tha present study ,S

Cha almplo Wibn uUon). D it ~h. f.mon cowrlant

danvwlro. U the link varhblu mtd m tha quartz nwa.

For stauuod fumom

Th~ oparator IS not paitivo ddmto [,n th~ I,MJt n, -

0. M’ =s -M). m w. -ork wth \ho ●fkt,w fertmon

acuon

s.,, = #’r’M’h’f I-’@ = Q’ + : [3]

.

1De De” ●--’im]m”-”● = &I M daI .W- [41



Tho boLUeneck in fermon mmuialioru IS clw dl-

MCt evtl.utiott of either ifel13 * WI)or _ ,S pr~
.pz-qz

h,blti~eiy eiow In Ref 171 we ducnba our rmuln for

the :F.:d tmnmtlon using m exact mathod “M on

fwrn lb I ED Al The Iugeet !atcice cbc CM “M hACL-

did wth this method on s Cray-XlkfP u 4’ ThJQ b

bemuee six coiumuu of M-l Ith~ mveme of cha Diru

opomtor] ~w co b9 cmJc~ulstedAt -h Link updAt4 co

getthe chngc m *t(10 + m) Tha pombility thatHy-

brid Monw CUIo WW~hm le btw uisa k.suee la Jt

w ue roqwed to cdcuka *aetlri* on ● vator

only onto por swap of the acme l~uic.. HOWWW.cir-

i~ ● catch. Wbst ona WIY WJ u ~ ~bid UC-

tor of tho fmmon concnbutlon. rhus. on. MAYneai s

much Iugar owisuca.1 mampla to gal ucurwa ti~

Ow god u to compu9 tha two UACC uconchmm

●nd to NbJUt the EMC algorithm to dodd WW-

Tha p-t study IS hmtmd to tho 4 vomon d the

Hybrid ugmthm propaul by Gottliob d d.181 SInco

the deti of tho #-dgonthm w pudhhd. w JIAet

writ. dmn tba mnswu sad &w iL

2) Tho ●-Rybrld AIgorithm

+ @:(M’Ml-’@, (6)

1P,● - [-

+

+,-v,,

2?, -( ~ U,.. .T,..-.,
.

lP, m- [- :L’,.V, -

* W,*(Z T,-”,.. L’,...

- ~ L.,J,’JI,4 ,14)
.



Given -N. (9,13,14), the discretizd leApfrog up

date scheme we u& iz ae follows (it diffem from thst
@ven in [81in tha order in which P znd U ZN updatd):

[1]

[2]

[3]

[4]

[5]

At time t = O, refrah the momentum P and gener-

ate the w tielde. The U ue zseumed to have eomo

initial value.

Update U(t) to U(t + f) ueing

U(t + ~) = e’*p(~)uft)

We ●pproximate the exponential by ● fourth order

polynomial utd munitarize tho resulting rmtrix.
Cdcuhte p ●tt+~ uzi~eqn.e.(13) end (14). This

ie the moat timo co neumiag put of the czlculatioa

because it requira cdcuhtins (Ad M) -‘%. We

do thie uzirtg tha coriju~te gradient algorithm.

calcuke P(t + e) = P(c) + A

Up&tefJ tot+~usiag P(t+e). Thieiethozema

u top 2. Ther&&r steps 2 to S am reputed

n - twnd tima, At tha ●id 0U9 has ~(t + m) utd

~(t + (m - })c]. To COIAlphte th hap ~ -t@,

Calcnlbte

fJ(t + n;) = d’~p(’+’’’)v(t + (n - +)

On. now h U(t+-w), P(t + ne) anti the p@UdO-

fiolde P which wae held cooetaat thrwghout tba eve

Iutiort. At thie tim th P and P ue rdruhod ad th

evolution repated.To msko rzmuursunaw, all @xpa-

tation valuu ue czlctdatd U th W- * tk

systm b equilibrated.

Stuting tith en quilibrium co~~tio~ tho

molec ulu dynuniw evolution p~ the a@ibdrm

Th~ Nfreddu of P mskm tha d~::%a argdic d

deo push- an ubitruy wartlng codgumtkm towdo

equilibrium

To o~ tha ervon in tha ●-Hybrid al-

rithm uiee in the d- s~tbae to qnm.

(8,13,14) snd &om tha hicam~~ COIJ~O inths

coni!igata grdkt itumtks. They cm U ha ~-

htically rod- * t!lnk otq * aver by * ta

higher ordar dllhmnca qmtiom d thmupoaautb

tion wmr by includiq mom ~ in the ~oa. In

our tats, Wo Iidtd OUrdva * thoIowat Ordu lesp

frq mtqrstioaaad ●ppmdrnata tk qnantbl by G

fourth ordu expuuiom TM slsorithm baa the d+

property of being revernble i.e. ntuting with U’, -P’

and evolving beck giva U, –P. This, u iz shown later,

is emential in the Monte CU1O ●lgorithm

3) Global Metropolle Step

In the Metropolis method [9] one propoecs small

changa in the contlgurztione, ud accepte theee chmiga

with a probability

(

P(fl’ + u)e-~(~’)
prob = min 1,

F(U + uqe-~(~ J
(15)

Here U’ is tho tris ! configumtion, H(U’) its action,

P(U ~ U’) is tha probability of proposing the chm ‘se

given that on. u ●t U, and P(CJ’ -O U) iz the r~

veree probAUity. If theee two probaoilitia are equal, u

thq are in uxrstalgoritkefor pure~uge ~fY(3), then

chuiga which Immr tho ution zm zlwsys zccepted,

while thm which increeaa it we accepted only condi-

tionally.

For the ●-Hybrid algoiithm dacribod shove the

“Action/ Hantiltotim ie IZe(CJ, P) given in eqn. (6).

Thue tho Hybrid Mortti Czrlo algorithm cortziste of

the following s- Givat ● codguration U, refreeh

tha mormutum P -d genomte tha peeudo-6eld#l P.

Then ●VOiVUto LJ’,P’ UdIU tha Hybrid algorithn Ac-

cept/rejact tho compka clmnga with probability

,- H*(U’,P’)
,486 ~ (16)

8-H*(V$F

●t t b ●rtd of ● lap-frog equance.

Tham - t- key points that allow the w of the

Monto Carlo etqt, I) for the leap frog algorithm de.

ecribed &wva

P(U, P + U’tq = P(U’, -P’ ~ u, -P) (17)

becsum ths cvolutkm b ruvereibl~ and it ie usa prww-

iw w- ~~ ~+ emm addng horn ●pprfVtk0Atil18

tha axponantid bys pdynomid dnce thaoe cm, be me.dc

arbikrily 41 by *W to hi~er olden. 2) Since on.

neede to cakuhto 6H0 for th~ giobal ucept/reject, the

femhm dymmla @hOdd h rep~kbl~ by ut dfec-

tlvo ftioa uti~ lb wt (A4t M) -‘ p hero. For atag-

gwod fadoM Ib.b lootpoint, 10eatiedd only for a mul-

tipio of four flavors. Thus m do not have s nt = 1 or 3

-t d@dtmt W m ● ~+d Mctrnpoiis step YQI.
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121 The he,ght of the ●cceptuce p- decreua siow!y

Wtil nmd.

131 The shspa of cho sccepmrm curw dapench on

nmd It becomcm more -hupij ptid u nnd is

,ncreuod.

I~1 The helgnc of Lhe ~cept~ca cuma fti mpldly

with e

Thix tat N~~CS chat ● glObd MWOPOIIS aig-

rlthm Ia prucIcaJ for QCD We ua now -mg opcl-

nz&cion wltn r-put to decormlaclom by USIIU s W

ltttlca tid tnaammng the cormktmn coafl!lcmn~ for

block ioop Tha UCCPCAOC6M 3 = 34 = 6.0 with

t=OMandnti=51s~M%.

4.3) QCD mIch Fermlom

Tha raulti for tha lkuto tampamtu.mtrs.muoa an

of lW klrtds: 1) w msko c~ M- Iba t-

Casct algontlum wo ~tml tht CAICUISUOMdotn with

EDA St m = 005, 01 and 0.1 on a 4’ Istttco using

HMC. 2] To ttudy tho bits VOIU dcpandanco, w

Iookd for thg ctii tmmtion ●t m . 0 i md O 2 on

4. es lAttica l~lng h~c

,-,=<- ---- —
2. —:. —

!5—

Fig.3 Tlam Aiwtory of ●) 1 x 1 Wilan loop ud b)

,.~~) On ● 4’ Iattica sc J = 3* = 504 utd

Ifybtic dgomfun
14L , T I I f

I I

o ?00 400 ,,(,

055, r : T 1 —
I 1



5.1) m = 0.1 0 54 —

In Figs. 3 ud 4 we show tha tima hiotory data at

m = 0.1 for the t- dgoritlumon 4’ lattices. We 6.nd

thst the 4 HMC Algorithm reproduc- the discontinuity

in the chirai order pmmmetar (YX) and Wilson loop.

Them u * difftmnca is the nu.mbu d sweqw the uymtam

spe~ti in t ~vm phaea. This, however, is not s phvmical

pmametar.

The bekmvior of the chiml tmnsition on 4 x 6a lat-

ticm is shown in Fig. 5. The mn ~tera were

M.mk = 0.1 and d = 5.13 = ~k + 0.92. The data

again suppo- the pra.enco of * tit order trmnsitiom

Flipflope ●O present -d a Ir.iatogmm shrm ● claar 2-

pmk structura. The discontinuity in Wilson Ioopu (L),

(Tx} md in tha cm-rmnco sftor ● 61CUInurmbu of con-

jugate grsdierit ota~ is conehd. Nob thatincraating

the spatial volume to 6s gi-m /3, m 5.13.

Tho diffemace from tho 4’ data is thatthe discon-

tinuity in (YX) is oo-hat ●mailar. The An chutgs

is to incrassa tha VAIUQin the cytnmatric ph- from

a .S tom .6, Wa hav, nOt yotdamxtind whotltar this

is A hit. VOIW afhct or whethar tho coupllg nad

tu~.:ng buatrsa th~ an not -t ●t point of muimum

di~ontinuity. Ho-er, if true. then we spat much

srndlor discontinuity ●t hig,hu ~ bual on ertmp
olstioru of ds~ u down in 6g. 6. This feature is very

mlevmtt to ou m = 0.2 tits di.scti bdow.

Tho sccep~ca mte sh~ int~~i- bahsvior in

the two ph~ in our 4 x 6s run. It u 55% (36%) in

the hot (cold) pltsa. Th.iJ can b dua to ~ ~nm

1) the c doputdutt nhiti in the coupll~ (in tha hybrid

preproc~r) am diflamat in th~ two pk and 2) wo

●m not axactly ●t the tradtbrt ~ tho h m- in

tho two pha u not aqnd. We am _ furtk w

to clarify this feature.

5.2) m a 012

The data on tln 44 Iaitlc- (or tha tw slgoritti is

sirdaru shown in FI~. 7 aad 8. Tho dAta m tha 4 X6S

(fig. 9) [sttico u WbStMtid} dihmttt. Cveo thou~

thara me indications d flpd~, tho dkontinuity u

tooOmsiltomllow all Unquivoeal Otatamant.

Thw ruulu m-t that if tha illp 80W am d

(I, ttdl ia ● tit ordw ttition) than ow prdouu *

tlmsm of m :~~ (tho va.lu d m up to whkh tho chid

2.

: 052
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n 05
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#- 040
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0 1000 2000 :3000
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o 1000 2000 3000
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FIu.5 Titm - of a) I x 1 Wilma loop b) Wilson

li~aadc) (xx) onm4x6a latticed P = 5.13,

?, =6.11 =dm=m~ =0.1.
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Dmta on 4 x go lattices is debared, Fukugita et

d. 10] , show evidence for metutat)ility at m = O.I

while Gottlieb cc af. [11) ●nd Ksm:h et d.[12J see a

clew signal only ●tm = 0.025.

Lutly, on a 6 x ld lattice, KUW et d.i13[ fmd a

bt order tmnaition ●t m = ).023 b~t not at m = 0.05.

The status of the ch~rd trmition using approxi-

mate al~oritti for nf = 2 ti one of contacting ●v-

idence. For nf = 2, Gottli~,b et oL[ll] see no clekr

16L —.

J

0.6 ~’ I , I

o 1000 7000

l— I

0 1000 2000

Fig.9 Tir~ history of ●) 1x I Wil-n loop b) Wilson

Iim andc) (YX} on ● ~x8J kttico ●t,9= 5.22,

6) Statua of tha Flalto Tompu,xtm T’ruwltlon

Them is - cottnMu thst for Nt = 4 ●nd 4 %vrms

cd stsaimd fomiocu, thars u a strong 13.mtorder chi-

rsl tmluition at Small ~, i.e. m = 0.025. On 44

latticw this transition h km Ilhown to aunivc~ up to

m = 02 ●nd thmu is pmlitnin~ cvidanco that it axh

for ●ll ~ [71, ln this talk 1 hvc thown cvidcncc for

● 6f8torder transition at m = ID,1 on ● 4 Y. 63 Iatticc.

Tha signal cc m = 0,2 it not CIW.

L

‘~ I —.

09~’ 1 I I ,, -.

0 \ 00 200 300 400 ‘#do

1 15
a

AN
* 11

*
‘V

I 05

Fig.10

IT 1

0 1000 2000

TiLW b&tory Of (Yy) evdutid with ●) ● wn-

glo uakr Eeld P b) sama data aJ In (a) but

in bins of5 and c) with 25 xAr 6eld o. The

com~n hishii~hts tha siw of fluctuations

in the unbiaad utirnstor.



●violence of ● tran.eicion for mqa = 0.0125 - 0.2. In

contr~t, l(ogut aud Sinclair [14] find a fimt older

tramition for m,,a = 0.0125, but no transition for

m~a = 0.025. Hawever, Gami et aL[15] do hod a trm-

9ition for mqa = 0.025, while Fukugita et aL[16] s-

one for m~a .: 0.1. We should alJO mr ltion that Gavai

et oJ.[17] dnd thstthe tmnaition ic B st ordu along an

intarpolatir,n ba:~ nl = 2 and nf = 3 whera two

quarb uo held ●t mqa = 0.025, WhiiO the man of the

third irnvaried between 0.025 and ~.

CaJcufatione for n, = 4 with - exact algorithm

hsve oa.ly bean done on a 44 l~tticcat m = 0,02. We

again Ond ● strong W order tmnsition [7{.

To end on an optimistic noke, I balieva th~t we

should have much ,ieaner d~ta by the next meeting.

Tbo nature of the finite tanpersture transition for two

li@tt and one etqe fivor will be reAvd in the near

futlllw.
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